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The temperature dependence of the thermal resistivity of copper, silver, and gold is calculated
within the free electron approximation and using the anisotropic continuum dispersive model
proposed by Sharma and Joshi for the lattice dynamics of cubic metals. The phonon spectrum has
been calculated with the help of the modified Houtson’s spherical six-term procedure as elaborated
by Betts at al. Bardeen’s matrix elements for the scattering of free electrons have been incorporated
into the variational expression developed for the Boltzman transport equation. The theoretically
calculated resistivity values of copper, silver, and gold are in reasonable agreement with the

experimental data.

1. Introduction

Considerable progress has been made both in ex-
perimental and theoretical studies of the electrical
resistivity of cubic metals 176, However, very little
work has been reported on the thermal resistivity of
cubic metals 7719, These authors used the pseudo
potential formulation with lattice dynamics to ob-
tain the temperature variation of the thermal re-
sistivity of simple metals. The knowledge of pseudo
potential form factors, besides phonon frequencies
and the polarization vectors is essential for such
calculations. The electron ion scattering is consid-
ered through the pseudopotential form factor and
the information about ion positions is obtained
through the dynamical structure factor. The small
changes in the pseudopotential by volume changes
through thermal expansion, however, affect the re-
sistivity. These effects are small but lead to rela-
tively important changes in the resistivity which
depends very sensitively on the details of both the
structure factor and the pseudopotential form factor.

The purpose of the present paper is to study the
temperature dependence of the thermal resistivity
of copper, silver, and gold in the free electron ap-
proximation using the anisotropic continuum dis-
persive (ACD) model for the lattice dynamics of
cubic metals proposed by Sharma and Joshi!l. Tt
has been found that this model represents fairly
well the gross features of the frequency distribution
and yields a satisfactory explanation for the lattice
dynamical behaviour of lithium and copper. It has
also been utilized, with success, to explain the
Debye-Waller factors of cubic metals 12714, the tem-

* Reprint requests to Dr. O. P. Gupta, Physics Depart-
ment, J. Christian College, Allahabad, India.

perature variation of Griineisen parameters of cop-
per and germanium '%, and the electrical resistivity
of alkali (Li, Na, K, Rb) %16 and noble (Cu, Ag,
Au)® metals. The choice of these metals for the
study is motivated by the fact that the noble metals
have the simplest fcc structure and appear to ap-
proximate well the free electron model of a metal.
There is one electron per atom in a metallic state
and the Fermi surface is believed to be very nearly
spherical and not in contact with the Brillouin zone
boundary as shown by the studies of the de Haas-
van Alphen effects 17.

2. Theory

For a lattice of cubic symmetry the first order
variational solution of the Boltzmann equation giv-
ing the thermal resistivity can be written as 18,
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where e is the electronic charge, kg the Boltzmann
constant, m the ionic mass, n the number of ions
per unit volume, T the absolute temperature, ky the
Fermi radius, v and v” are the velocities of the elec-
trons in the initial state K and the final state k',
respectively, C(k—k’) is the matrix element cor-
responding to transition from k to k', f is 1/kgT,
€qj, g; and q are the polarization vector, fre-
quency and wave vector of the phonon, respectively,
and the subscript j distinguishes three modes of
vibration. The bracket ((...)) represents the
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double average over the Fermi surface and the sum-
mation is over the three polarization branches for
each wave vector (.

Denoting the scattering vector k— k" by K, the
matrix element C(K) for a spherical Fermi surface
is given by !

[V (r)) — Eo]K® + W (K) 0.2

K21 g2
where [E,—V(r.)] is the kinetic energy of an
electron in the lowest state at the boundary of the
Wigner-Seitz sphere of radius ry, ¢, is the screening
parameter defined by ¢.=4 wan,e?/W (K), n. being
the electron density, and W (k) and G(z) are given
by

C(K) = G(Kr)  (2)

2 4kF —-K2  [2kp+K ]
W(K)=- —— ’
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(Ey being the Fermi energy),
G(x) =3 (sinx —z cosx) [a3,

where Ey is the Fermi energy.

As the phonon frequencies wgq; and the factor
(K+eqj)? vary with the direction of the scattering
vector K, the evaluation of the double average in
Eq. (1) becomes difficult. Following Bailyn’s meth-
od 3, to compute the average, one can write

- [JAK

where S is the area of the Fermi surface and each
integral is carried out over the Fermi surface. In
order to get rid of the above difficulty, we consider
first all the vectors k and k' that have the same
scattering vector K=k’ —k, and average over all
such K vectors. For a spherical Fermi surface all
such K can be imagined to be enumerated by al-
lowing a rigid rod of length K oriented in the di-
rection of K to roll inside a spherical shell of radius
kr . The ends of the rod will lie on a circle of cir-
cumference [ (K) =4 (4 kp® — K2) 12, then we aver-
age over all K for a given magnitude K. This aver-
age is equal to the integral of 4 (K) over all direc-
tions of K with the weighting factor equal to the
ratio of [(K) to the integral of [(K) over the whole
solid angle for a given K magnitude. Finally, we
take average over all K magnitudes which are equal
to one integral over all K with the weighting factor
equal to [dQU(K)/[dK [dQI(K). This gives the

required average over the Fermi surface as

[dQ [dK1(K)A(K)
[dQ [AKI(K)

((A(K)) ) dS ds’ (3)

({(4(K))) = (4)
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Now, for a spherical Fermi surface
[dQ [dK1(K) =4 2% kg®.

Therefore, the above ecpression reduces to
(5)
((4(K))) = ’k JdQ [dKA(K) (1 —u?)'2,
where u = K/2 ky.
Thus making use of relation (5) the expression
(1) for the thermal resistivity due to phonon scat-
tering becomes

27h
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3. Numerical Computation

The calculation of the temperature variation of
the thermal resistivity of copper, silver, and gold
has been made from Equation (6). The integration
over K was performed numerically while the inte-
gration over {2 was carried out using the modified
Houston’s spherical six-term integration procedure
as elaborated by Betts et al.!, the applicability of
which has been discussed by many authors: Horton
and Schiff 20, Betts 2!, 2]
The six directions for K used are: [100], [110],
[111], [210], [211], and [221]. The phonon fre-
quencies (g; and the polarization vectors €q; were
obtained from the solutions of the Christoffel equa-
tion for the propagation of elastic waves in a con-
tinuum for a face centered cubic lattice.

While integrating over K a distinction has been
made between the Normal processes and Umklapp
processes. Early workers neglected the contribution
of Umklapp processes to the electrical resistivity.
U-processes contribute a substantial part of the high

Ganesan and Srinivasan

temperature resistivity of monovalent metals!. Hase-
gawa > have assumed that the N-processes operate
in the range of variable of integration u from 0 to
0.63 in the first Brillouin zone, while U-processes
from 0.63 to 1. This separation between the range
of N-processes and U-processes seems artificial when
one goes beyond the Debye model. In the present
calculations a more realistic procedure has been
adopted.
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Table 1. Physical constants for noble

Elastic constants Lattice  Fermi [V(rs)—E] metals used in the calculation.
(10'* Dynes/cm?) constant energy (eV)
&) (eV)
Cll C12 Cd‘
Copper 16.51 11.99 7.56 3.616 7.48 1.36
Silver 12.22 9.07 4.54 4.080 5.51 1.10
Gold 19.29 16.38 4.15 4.070 5.51 3.70

For the N-processes, K=k’ —k— q, where the
phonon wave vector q lies in the first Brillouin
zone; the limiting values along the six directions
pere determined from the interactions of the cor-
responding K vectors with the planes of the first
Brillouin zone. For the U-processes the scaitering
vector is given by the selection rule K=k —k
=q + (g, where g is a reciprocal lattice vector. The
minimum value of K, at which U-processes start up,
have been easily obtained from the knowledge of
the geometry of the reciprocal lattice vectors of a
face centered cubic structure.

The values of the elastic constants and other
relevant parameters of copper, silver and gold used
in the present calculations are listed in Table 1.
These values are taken from the measurements of

Hiki and Granato 2! at 300 °K.

4. Results and Discussion

The calculated ideal thermal resistivities of the
noble metals (Cu, Ag, Au) are plotted in Figs. 1 -3
against the logarithm of the temperature, together
with the experimental data. The sources of the ex-
perimental thermal resistivity data are summarized
in Table II.

It may be seen that the theoretical and experi-
mental resistivity curves appear to be of similar
nature, but they show some disagreement at low
temperatures. The discrepancy is greatest in the case
of gold. The theoretical values of the thermal

Table 2. Experimental resistivity data for noble metals.

resistivity at low temperatures are slightly lower
than the observed ones, while the theoretical values
exceed the experimental ones in the high tempera-
ture region. In general, the theoretical thermal re-
sistivity curves qualitatively resemble the experi-
mental results, yet the quantitative agreement at
low as well as high temperatures is disturbingly
poor.
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Fig. 1. Thermal resistivity of copper as a function of tem-
perature.
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Fig. 2. Thermal resistivity of silver as a function of tem-
perature.
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Fig. 3. Thermal resistivity of gold as a function of tem-
perature.

In the present study the distinction between the
N-processes and the U-processes affects considerably
the numerical values of the resistivities, thus the
contribution due to U-processes can not at all be
neglected. A systematic increase with temperature
in the U-process contributions to the total resistivity
is observed. This gradual increase in the Umklapp
contribution can be ascribed to the fact that the
temperature dependence of the resistivity is unex-
pectedly sensitive to the details of the anisotropic
phonon spectrum which becomes more and more
important a the temperature increases, because of
the strange geometry of the Umklapp interactions in
the wave vector space.

The discrepancies between theory and experiment
are attributable to the use of the Bardeen model for
the electron phonon matrix element C(K), which
ignores the exchange and correlation effects. No ac-
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count has been taken of the complete temperature
dependence of the elastic constants. The use of the
first order trial function in the variational solution
of Boltzmann’s equation results in the over estima-
tion of the resistance ?> 26, In addition to the in-
fluence of lattice vibrations on the resistivity, the
effect of the shape of the Fermi surface on the
resistivity is dominant due to systematic contribu-
tions of the Umklapp processes to the total resistivity.
Experimental studies of Shoenberg?’, Joseph and
Thorsen 2%, Joseph et al.?’, and Jan and Temple-
ton 3%, have shown that the Fermi surfaces of all
these metals deviate from sphericity despite the
topologies of the Fermi surfaces in the noble metals
are very similar. Compared to silver and gold, the
asphericity of the Fermi surface of copper is small-
est. The anisotropy of the Fermi surface of noble
metals enhances the probability of the Umklapp
scattering of electrons, leading thereby to an in-
crease in the numerical value of the resistivity. Thus
the effect is significant in gold where the Fermi sur-
face bulges towards the zone faces. It, therefore,
appears that there is a need of more detailed studies
to account for these effects in order to provide a
satisfactory description of the thermal resistivity of
the noble metals. The whole problem is of great
complexity and involves almost all the basic prop-
erties of metals. However, the present study shows
that the anisotropic continuum dispersive model
coupled with free electron interaction gives a rea-
sonable description of the thermal resistivity of
copper, silver, and gold.
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